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iITy =1log, x then x =a

James Lamberg

Y| llog,(MN) =log,M +log, N|

log,(a") = x U

cos® x + sin’x = 1

5

IoQﬁg%% = log, M - log, N

a.N

p) =Pxog,M

Ioga(M

logy, x _
tan(20) = 218 sin(2a) = 2sin(t) xcos(c)
- 2 6
1- tan“6 alogaX:X |0ga a=1 In x g%z %X (.jM
. . 2 2 2 log, x = —ja"* = %\/gé
S =[x- (@+bi)]x- (a- bi)] = x*- 2ax +(a® +b%) Ina
o] _ 0 1 - i o]
siré%—i _ ,|1- cose tan? _ 1-cos6 _ _sind Cosé%—i _ |1+ coso
25 2 2% sino 1+ cosoH 25 2
cos(2a)=2coSa - 1 |cos(2a)=cos o - sin’a| |cos(2a)=1- 2sin’al
cCosa - cos f = 2sinZ ; b sinZ 2 b sina - sinf = 2cos all sinZ 2 b
cosa + cosf = 2 cos 2 b cos 2 2 b sina +sinf = 2sinZ J2r b cos 2 2 b

sin(o +B) = sina.cosp +cosasinp| |sin(o - B)=sina cosp - cosasinp|

ax’+bx+c=0

_- b++b?- 4ac

cos{a - B)=cosocosp +sinasinp| |cos(a +p)= coso cosp - sinasinp| o
0 D
. _ . 0
cosé— + XI = - sinx tangg + xg =-cotx | |gj EPB + xT = cos X \ therefore
2 & - since
o] 0] i ,
Co%a?g - X: = sin X tan% - X: = cot X S|r(p + X) = -sInX fgno;
an
e sin(p- x) = sinx .
cos(p ) = - cos X tan(p + x) = tan X e, 5 U or
- p = _
0 i - sing—= + X = - cos X
cosé— + X = sinx tan(p X) j tan x 2 &
2 0
@y, o) tana@‘)’?IO + X = - cotXx < precedes C (fancy) compliment
Coig - X% = - sinx g >~ follows b implies
bt tané— + = cot X @congruentto| |U doubleimplication
; E union ~ negation (or &)
F Superset Q.E.D:Quod Erat Demonstandum C intersection d derive
l, proper subset "that which was to be proved" " for every -
E propor superset i = 89(2 X Ya- %6 T element of Qntegrate
tan(c +B) = tano. +tanf 28 $ there exists ||x-a EvAllatewithx = a
1- tanatanf | pig :\/(X2 Xl) +(y, - yl)z ' such that K proportional to
l+tanotanp| |A = > ro, sector aree
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sina _ sinf _ siny Frequency = 1 o)
b o] period 2p
- A 2 _ 42 2
> C2 - a2 ¥ b2 28D COSY | oy ase shift = £ K = Lbe sina
> = b® =a” +c” - 2accosf ® 2
a® = b®> +c® - 2bccosa -
- Critical Points = period
y:Axsm(cox—[3)+K, w >0 5 4
T Period = £
Amplitude = |A| = w
— : ® &
Unit Cl_rcle 0.0 = (1,0) p a6 - \/5 1_ p a8 - \/_ :
(cos, sm) 82 25 82 2 4
0 e o} e
£.60 = aéi E.90 = (0,1) 120" = & 2,87 R 455 = ¢ é
3 27 25 12° =) 3 € 272, 4 § 27 25
e o} 23] o}
5 . 3 1= . 7 . 3 1+
P 150" = & £,—+ p,180 = (-1,0) L2106 = & £ =
& 272 6 & 27 25
e 0 23] o} o}
50 spg-C N2 V22 4p g 1 W3 sp o0 dl W
’ § 27 24 |3° § 27 254 137 7 2,4
3 o 2 0
P.270 = (o -1) 1P 534 - §_3,_ 1=
2g
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lab| = [a[ 40| |Va® = [al F:@ 7| =lal" [Tl£a£ld |lal £ kiff k£aLfk
bl |b] la+bl£ el +[bl|[lal 3 kiff a £ -k of a3 K

if f

x) isDEC" xin[a,b], f"(x)<0

)
(
f (x) concave up on (a,b)

if '(x) isINC" xin[ab], f"(x) >0

ifa<b & b<c thena<c
' . 1-cosx _ Jl;.. f(x)- f(c)
ifa<b & c<d,thena+c<b+d [IM =0 lim———
. X® 0 X x®c X-C
:a<Ether|1(a+k<hb+aI:( bk li %_1 ix“_nx“‘l iC:O icscx:_cscxcotx
ifa<b & k>Q thenak < ool X dx dx dx
ifa<b & k <Q thenak > bk 4 0 1, d U
da _ ft)==gt"+vt+s —U=ux=,ut 0
L sinx = cosx| |- tanx = sec® x o COLX = eseX 2 ’ dx Jul
& o v(t) = ()
_ A k)dx = kx +C "

2 secx = secxtanx| |-—cosx =Sinx alkjox a(t) = v (t) = (1)
dx o f (x) increasing if f'(x) > 0
d , . = f'
(100 a() = (99 (X + 9 () | x) ccreasingit - (x) <0 2> Y = F(x)>aK
d f(x) _gx¥)f'(x)- f(x)g (x)| [Profit = Revenue- Cost=Sol dPrice-Cos|
dx g(x) (o(x))’ Critical # when f'(x) = 0 or ' (x) DNE| o

_ H n — " 1 ~ Xn dX: +C
MVT, ()= f(b) f(a)on[a’b] IPsif f"(x) = 0and f"(x) changes sign| dx) )

b- a d/. _
—( o (¥)ax) = £(x)

f (x) concave down on (a,b) dx

TrapRule

b
of (x)cx » 2

2n

a(f(a)+ f(0)+2(1(x) + 1) .. £(x,)

. 1 .
Function : —— f (x)dx
b_éaa()

Euler' s Method ' (x X))dx = (x) £ g(x) | ¢f0)dx =C
Start @ x,y ® f'(x,) ® Dx® DyzD(xf'(x,y)dkxf Jox = kf( x)+C d

_ ac=cn
Use Dy for changein next y d (900 d e -1

CSC(X X = CSC(X n
¢{cos(x))dx =sin(x) +C dsec x)d an(x) +C ai :n(n+1)
Jsec(X)t ( ))dx sec(x) +C| iz 2
fsin(x))dx = C - cos(x) fcsc® x)dx= C - cot(x) = > >
- g - n(n+1)(2n+1)| £ ;=N (n+2)
li éf(cl)XDx,x_aE(:,E)q,Dx:-—a Of (x)dx=0 iz 6 =L 4
X® ¥ j= a
a e b b C b b b b
Of (x)dx = - f (x)dx| | 5F (x)dx = ) (X)dx + B)f (x)dx| |Of (x) + g(x)dx = ) (x)ax + cp(x)dx
b a a a c a a
b b b d = Q
Okxf(x)dx = koyf (x)dx| | (x)dx = F(b) - F(a), F'(x) = f(x) |F'(x) :_Xg(‘)f () = £(x)
a a a e, (]
a A Vaue of
If f is even, ¢f (x)dx = 2¢¥ (x)dx Ve ue(?) 2 If f isodd, c‘j(x)dx =0
-a 0 -a
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"1 In2) =0 [In(a>p) = In(a) +In(b)| " +1= 0/ In(a)" = nxn(a)|In(e*) = x

=y di,x>0
%

a+b‘

: InéBg:In(a)- In(b) Ot-dt- O—du In(u)+ C e xe” =
e_ a- b d
b

=€ 2 () =
e iIn(u):%(lnlulzd—uu Oran(x)dx = C- In|cos(x)|:ldse¢x)|+C‘ dx(e)—O

dx

¢rot(x)dx = I sifx)|+ C =C - Irfcséx)| cpec(x)dx = In|sec(x) + tan(x)| + C| |, - Iim?ﬁidx

\

00 =008 00 = o ()= ety G he= - )+ o)

d
f-l(x):g(x),(a,b)sf,g(b):% dﬂ(au) = In(a) xa" >clu log, (x) :% d—x(loga(u)) = In(@)=u

Compounded n times ayear
da* )dx— +C E(u”):nm(”'l) xclu E(xx):(ln(x)+1)><x P Y
dX = A=pHs 10"
Compounded Conti nously y = arcsin(x),iff sin(y) = x & e

A =Pxe y= arCCOS(X),iff COS(y) — Newton' s Law of COOling
dT
dt

<

y = arctan(x),iff tan(y) =

X

X =k(T,- T.)
Jiff cot(y) = x

X

X

_ ; ep p
= arcs D : 11R =

o C

y = arccot(x

y = arcsec(x

y = arccog(x), D: [-1,1],R:[ ]

& facsin() = 2=

d -1
—_ t =
= dx (arc cot(u)) 3 u2

e p

2

p)
p) X 1- (arccsc(u )=
P

2

iff sec(y) =

y = arctan(x), D: (-¥ ¥),R: '%g y = arcese(x), iff esofy) =

xdu

y = arccot(x), D (-¥,¥),
D {

y = arcsec(x),

5 L |u|\/u - 1
g ldx 1+u’ \cosh(Zx):cosh x>sinh” x|

— (arcsec(u)) = U | y— = —arctan 204 ¢ sinh(2x) = 2 sinh(x) xcosh(x)|
a

<
Q
=
o
A
ha
O
)
=
w
=
Py
1

snh?x _ cosh(2x)- 1

: ol
= arcsina—2+C 2
a

cosh(2x) + 1
2

eX+e* _ COShZX =

cosh’ x- sinh® x =1

¢rosh(u)>du = sinh(u) +C

nh(y) tanh’x +sech®x =1
Osinh(u) ®u = cosh(u) + C | cosh(x - y) = cosh(x) >cosh(y) - sinh (
¢pech’u>du = tanh(u) + C

nh(y) coth’x- csch®x =1

d
—sinh(u) = cosh(u) xd
vl (u) = cosh(u) >du

grsch?uxdu = C- coth(u) isech(u) = _ (sech(u) stanh(u) xdu %cosh(u) = sinh(u) >du

¢pech(u) #anh(u) xdu = C - sech(u) dx ;

psch(u) xcoth(u) xdu = C- csch(u) OTXCSCh(U') = - (csch(u) xcoth(u)) xdu d—xtanh(U) = sech?u>du
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. d du
arcsinh(x :In(x+ x2+l),D: ¥ ¥ — h(u) =
(9 =In{x+ (-¥¥) < arocosh(u) =
arccosh(x :In(x+\/x2- 1),D: ¥
() (%) dixarctan h(u) = %(arccoth(u) __u >
arctanh(x) = LI X9 (- 11) .
1 X \ u 1 w UO N N\
O7 7~ 22 e e C (Ordv=uw- grdu
arccoth(x) = =In g’il_o (-¥-1)E (1¥) - -
—arcsinh(u) = ———
/ 20 dx ‘/ u2 +1
arcsech(x) =1 g-r# D:(0]
X g . du C_llngeah/a tu’ 0
m o . OV@ = a e u o
arccsch(x) =In é_ D:(-¥,0)E (0.¥) Disk : Line” to axis
b
dixarcsech(u) = -1dU = dc)l( arccsch | | '1dU of revol uition,p(‘)f(x)z dx
uvl-u U\/ +U a
. du [ 2 AreaBetween Two Curves || Areaof Revolved Surface
Om—ln(u+ u ia)+C X X 2
. Of (X)- g(x)dx S=2py(X)y1+ f (X)) dx
Washer : p o) (x)" - g(x)"dx, f(x) * g(x) = ;
b b
Shell : Line || to axis Arc Length:s = ¢)/1+ f (x)*dx| W = OF (x)dx
b a a
of revolution, 2py (x)h(x)dx, Coulomb's Law for Charges: Gas PressurefF = ggg
. a. F = kx\1_>qz('j v
r = radius, h= height e g2 o9 v = volume of gas
Hooke' sLaw: F = k>d ||Law of Universd Gravitation : Force of Gravity - F = &0
Force needed to strech a gam, ><m20 VT e
_ _ F= kx m, and m, are masses .
spring d distance from a x = distance from center of Earth
its natural length Weight = VolumexDensity|| °

Fluid Force F = PressurexAred

8 (Y Cross Section AreaxDistance)dy = Work

F =0 xDepth xArea

\Work = ForcexDistance over which the forceis applied |

Fluid Pressure P = Weight Density xh,
h = depth below surface
Force = Mass*Acceleration

Force Exerted by aFluid:

F =wifn()

Center of Masy(%,y):

A m=pdf (-

Moment = m xx

Moments & Center of Mass of
aPlanar Lamina:

Theorem of Pappus:
V =2p 3 XA,
A = Areaof Region R

oM,
’y:_
m

M
X =X
m

o LU 9 cos (x

)ox = fL- cosz(x))k cos (x)sin(x)dx

(pin™(x)cos

2x+1

(x)dx = ¢gin™(x)(1- sinz(x))k cos(x)dx

=p O f(x)-
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p

. _RBpdtpabp an- 1
9:05 (x)elx T é3geésee7de ﬂ’

P

_adgaBpeds an- 1padg

i 3
T 850840068 € 1 ﬂezgnlseven,n 2

O nisodd,n 2 3 O:os”(x)

¢pec™ (x) tan”(x)dx = fsec’(x)

)k'ltan”(x)secz(x)dx Spec” () tan® " (x)cx = dpec™ *tan™(x) sec{x) tan(x)x

Otan”(x)dx = ¢yan™?(x)tan’

(x)dx| |For Integrals Invioving Jaz +u?,| For Integrals Invioving Vu? - &

For Integrals Invloving v/a2 - 1?,| |u = atan(B),/a + u” = asec(B) ||u=asec(d) Ju’- & = atan(8)

b b

u =asind), J&7 I = acosfo) Of (o = lim & ()

2@

s lae aal¢
a - u’du=2 aarcsme—8+u\/a -u28+Ca>O . :

. 1

u®- a’du= E(u\/uz- a’- a’ln
N 1

u’+a2du= E(u\/u2 +a? +a2In|u+ w + a

)+ Cu>a>0l2 a
Indeterminate form, L' HOpital' sRule

)+C’a>0 lim ()-Ilm )

u++u’- a’

¥ C

Of( X)dx = lim (‘)f( )dx+I|m0f( x)dx| [,

5 xoc 9(X)  xec g'(X)

T p>1 Discontinuity at aon (a,

Dlscontl nuity at bon [ab)

O—dX—I p- 1 b b
{ Diverges,if p£1 Of (x)dx = Ilmof( X)dx

c®a*

Discontinuity at cin (a,b) _
3 o lim(a,£h,)=L K
of(X)dx Ilmof() +Hlimof (dx =

c®b c®a*

X
nth - term test a a,,Divergesif ||man 10 Ir!®q](a“xq‘

! 5
ne— = 10kt0
)= LXK ln'®n¥1ebn Kb”

Sumis S, :1—ar,if it converges

n=1
¥
. [] . . _
Geometric é ar",Convergesif |r|< 1,Diverges iffr|® 1 Telescoplng,gl(bn - By.;) Convergesif |n|®q]b” -t
"o SumisS =h- L

Absolute Convergence, g |a,| Converges

nl

p-series, a i ,Converges ifp>1 Divergesifp£1

Conditional Convergence, é_ a, Converges,

but § |a,| Diverges

n=1

Remainder [R| £ a,,,

¥
Alternating, § (- )" ‘a,,Convergesif 0< a,,, £ a,lima, =0

Definition of Taylor Series
¥
§ T o

no N

Failsif |[jm=1

n® ¥

¥
Root,§ @, Convergesif |imyfia,| <1 Divergesif |[imgyfla] >1
n=1 n® ¥ ne® ¥

if [imla,| =0, then|ima, =0
n® ¥ n® ¥

¥

Power Series, f(x) = § a,(x- ¢)"
n=0

Radiusis Dx about ¢ : ¢+ Dx
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Integral (Constant, Positive, Decreasing),
¥ ¥
a a.a, = f(n) 3 0,Convergesif Of (n)dn Converges
n=1 1

¥ ¥

n

Divergesif ¢)f (n)dn Diverges, Remainder 0< R, < f (n)dn
1

Power Series, f(x) = é¥_ a,(x- c)"

n=0

f'(x)=a nxa,(x- ¢)"

n=1
n+l

s a,(x- 0

¥
Ratio, a,, Convergesif |jm
n=1 ne ¥
Failsif |jm=1

n® ¥

G
a,

n® ¥

<1 Divergesif |im

AF (X)dx =C
Of (x)dx=C+gq 1

n=0

%>1

n

% e =1+ x+...+i|+...Converges (-¥,¥)
n

Direct (b, >0).4 a,,

n=1

Convergesif CE a, £ b, b, Converges, Converges if

Divergesif ,0£ b £a,§ b, Diverges

¥
Limit (b, >0),8 a,,
n=1

Divergesif ,|imb—

. &Z
I|mb

n® ¥ n

L > o,é_ b, Converges

o> O,é b, Diverges

n® ¥

n

f(x) =R+ R,R(¥) = (f(x)- R(x)

- L9, rEe o e o

e f"+1(Z)(X- C)n+1
R0 =205

, Zisbhetween x and c

3_()3( =cosO xf'(0) - f(0)sin®

+R(x)|| dy
do

dy _ cosd xf(0)+ f'(0)sin®

=cosO xf (8) + ' (0)sin®

dx

dx  cosoxf'(0)- f(0)sin®

If f hasn derivativesat x = ¢, then the polynomial

Position Function for a Projectile

2!
Thisisthen- th Taylor polynomial forf atc
If ¢ =0, then the polynomial is called Maclaurin

n!

P (x) = f(c)+ f'(c)ix- 0, fEx-¢  fe)x-¢)

| r(t) = (v, coso i +2?1+(vosine)t- —;gtzgj

g = gravitationa constant
h = initial height

3 n . 2n+l
X +(-1)x

1oa. (x- D+..+(-2)"(x- 1)" +...Converges (0,2) v, = initid velocity
X 0 = angle of elevation
1 _ n_n 3 | 2n+1
1+x =1- x4+ (X +..Converges(-1.1) lyeqiny = x+ 2+ + (2n)2.x +...Converges [-1,1]
28 (2'n)°(2n+1)
Polar

X =1 XCosh,y =r>sno
y

tanO =

X2+y2=l’2

sinx=x- —+ +...Converges (-¥,¥
3 (2n+1) ges (-¥.¥)
n+1 n
Inx =(x- 1) +...+ w +...Converges (0,2)
X2 (_ 1)nX2n

cosx=1- —+..+
2!

(2n)!

+...Converges (-¥ ,¥)

X3 (_ l)nX2n+l
arctanx = x - g +..

2n+1

+...Converges|-1,1]
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Smooth Curve C, x = f(t), y = o(t) all = 2 Z _ Horizontal Tangent Lines
@/6 9@/0 il = \/(ql' pl) + (qz - pz) =Norm dy dy dx )

g/ _ edto & d?y _ ot edx o d_X 1 0 Velocity = 1 (t),AcceIeration — I‘"(t) d—X = O’E = Ol% 0

o @ o L Speed = |r' (1)) Vertical Tangent Lines
€dto dt dy dx dy

Limagon: r = a+ b xcosd Unit Vector inthe Directionof v | |5 = DNE,@ = 0’% 1o

if a>b,limacon;ifab,limacon w/ loop; |, _ v Angle between two Vector

if a=b, cardioid v 0

Rose Curve: r = axcos(n»9),r = a>sin(n>0) &y (t)et = (C)f (t)dt)i +((‘g(t)dt)j cosf = T

if nisodd, n petals; even,2n petals

Circles and Lemniscates r(t) = £(t)i + g(t)]

r= amos(e),r = a>sin(6) rl(t) e rz(t) = (fl(t)i + 91(t)l) * (fz(t)i + gz(t)j)

7 = asin().r? =2 rcos(26) lim(r(©) = 1im(f @) +1im(e();

POLAR Continuous at point t = a if

2

1"
Area :Edf(e)) do

|j®r!](r(t)) exists and |ti®rp(r(t)) =r(a)

Arc= 2‘)\/(1" ©)) +(g (1))’dt

b

Arc = i‘)\/(f 0)) +( (6))°do

b SurfaceX = 2pc‘g(t)\/( f (1)) +(g (1) dt
SurfaceX = 2pgyf (0)sine,(f6))” + (' (6))°do a
; SurfaceY = 2p)f (t)\/(f' (t))2 +(d (t))zdt

surfaceY = 2pgyf () cosd |/(F(8))” +(f'())"do

U-V=uv +u,v)r (t) = £ ([0 + g ()]
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Square Matrix
# Rows = # Cols|
Matrix Elements

Diagonal Matrix

Square with al entries not on
the main diagonal being zero

Upper Triangular

Lower left triangle from
main diagonal isall zeros

Lower Triangular
Upper right triangle from
main diagonal isall zeros

Rows X Columns
Identity Matrix : |
Diagonal matrix with

Transpose A:
Switch rows and columns
positions with eachother

Al or A Row Vector Column Vector | |Scalar
A1l x nMatrix|]|A m x 1 Matrix| |A real number
Dot Product

ones on main diagonal
Length (Norm)

|M|:~‘/Vov:‘/v12+v22+...+vn2

Angle Between Two Vectors

cos(6)

multiplied

__Xy

Sum of elements in two or more matrices

by each corresponding element

HA=A=

Al

[

Gaussian Elimination

Matrix Multiplication

Multiply rows of A and columns of
B to get an entry of the product C

i" row of A j" columnof B = C,

How to solve a system

1) Add amultiple of one equation
to another equation

2) Multiply an equation by anon -

[Ate) - (219

Using Elementary Row Ops
Into Row Echelon Form

Back Substitution
Solving from row echelon form

A one on the main diagonal

# Columns without pivots

N zero scalar (constant)
Cy= ;Ak [By 3) Switch the orger of the equations
Pivot Free Variables

to row reduced echelon form

used as a reference point for
solving a system of equations

Basic Variables
# Columns with pivots

and for determining the number
of equations in the system
Every Linear Equationsis
given by a Matrix Multiplication

Superposition Principle of
Homogenous Systems
If X and y aresolutions,

s0is X +y

Matrices define linear functions
g 0 N
ey E () + 15
flex)=cy

A A=

f(x) =4

x - f(x]

Every Linear Function
f:O% - 0"

00 .
FHEA D
[Rank =# of Pivots]
[0AT < detAZz0]

|Composition =Matrix Multiplication |

A o

Gauss- Jordan Method for A*||A is
(A[l) -~ Row Ops - (I |A*)

A has N pivots (rank A = N)

invertible ( A* exists) iff

1 Ud -bd

A = E-bE He ar

Determinant of A

A o

det A=aldl—bl¢

b CE
detfdd e f[= ag +bfg+cdh-ceg—afh—hbd
o hojo
Equilibrium

Solve Initial Value Problem
1) Solvethe differential equation

Autonomous Differential Equations

Stable - f'(x*) <0

dt

2) Plug ininitial conditions

==

dx (x)

Unstable — f'(x*) >0

Need More Info — f'(x*)=0

Autonomous Ordinary
Differential Equations
dx dx

—=qaXx —

—=0
dt

Equilibrium Solutions
x(t) = constant

Equilibrium Point
If lim x(t) = x* thenx*

isan equilibrium point
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dx

—=F(tx

dy _ a o
=G(t, x,y)

dt dy “b

(x(t), y(t)) parametrize the curve

Uncoupled Linear Systems||{Snk: a<0,b<0 [[dx

5 = A x(t) =x

~0

Source: a>0,b>0

X, x(t,) =X
() =%, Saddle: a<0, b>0](x(t)

A isascalar called an eigenvalue of
thematrix Aand v is the corresponding

eigenvector and isnot equal to 0

=eM [y
0, y(to) =y ir;fldAEgjm|on % w%% b%@%
~ - _ (] t d
Characteristic Equation ( )
Aisan eigenvalue of A IFOOV thenV ||Aisaneigenvalueof A

. U
iff det(A-A0)=0 |[isnot asubspace %Emaneigenvector

Characteristic Polynomial

Eigenspace %
All multiples of an eigenvector d %

Subspace w (Linearity)
1) If X and y aretwo vectorsinw,

EVAN
%/E: %E et%_)\ b E:O %%:em%z%
C d-A
A set of vectors
v,..v, islinearly

(a=A)(d-A)-b& =0

[Vectors span aplane (all linear combinations) |

dependent if there

then x+y isavectorinw
T Let
2) If x isavectorinw, thenclX is

avector inw for any scalar ¢ the

space (kernel) of A isthe set of solutionsto

A be an mx nmatrix, the null arescalars ¢,..c, =0

iot —
homogenous system of linear equations

A set of vectors v,..v, isabasisfor & |Di

linearly independent in

subspace v 1" if they span v and are| | The number of vectors | |First Order Differential Equations

mension of v Homogenous Linear Systems of

Solving Systems

1) Compute eigenvalues & eigenvectors
2) Solve Equation (Real of Imaginary)

3) Find Genera Solutions

4) Solvethe Initial Conditions

any basis of v dx _ (t)D -=
E - AD}’ )f(t) _ﬁ(t)ﬁ I

If Aisreal and A = a+i[bisaneigenvaue, | |a-ilb 1
then soisits complex conjugate A =a-ib| [&°+b® a+ilb

Euler' s Formula

€™ = cogx) +i [En(x) "™ e Doslb ) + ™ min(b 1)

[Independent if det Az 0|

Classification of planar hyperbolic
equilibriafor given eigenvalues

Real and of opposite sign : Saddle
Complex with negative real part : Spiral

Real, equal, negative, two: Focus Sink

Complex with positivereal part : Spiral Source 50
Real, unequal, and negative : Nodal Sink % d%
Real, unequal, and positive : Nodal Source
Real, equal, negative, only one: Improper Nodal Sink \/tr — 4 Ldet(A)
Real, egqual, positive, only one: Improper Nodal Source

Real, egual, positive, two: Focus Source

Spring Equation

2
Foalt) = me S+ u s ki

Sink m=mass, [ =friction, k = spring constant

tr% zéz a+d

Trace isthe sum Spring Equation

of the diagonal F...(t) =0, homogenous

elements of amatrix | |F,, (t) # 0, inhomogenous

Page 2
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Second Order Scalar ODESY |General Solution to Inhomogenous Spring (or RCL Circuit)
aBC'iZ)Z( + b Bd—x+ c D( — d X(t) = Xparticular(t) + Cl |j(ind#l(t) + CZ D(indai@tz(t) Uj > 4 Dnl:k! Overdarnped
(_jt dt _ If you are unable to u° =4 mlk, Critically Damped

Spring (or RCL Circuit) solve the particular W2 < 4Tnlk, Underdamped

2 — M — ahel )
U >40mk, x, =e*", x, =€ solution, try For Spring, B:\/k/m

2 _ —_ N _ A\, . .
Ho=40mlk x, =e*", x, =t[e increasing the If w =B, Beats Occurs
W* <40mik x =€ cos(B ), x, =€*"sin(B ) | |power of t If w= B, Resonance Occurs
Solving 2nd Order ODEs | |Quasi - Periodic Laplace Denvaives
1) Solve Homogenous Closeto periodic I( f (t)) = sTF(9- £(0)
2) Find Particular Solution| |Laplace Transforms
3) Find General Solution

1(f"(t))=s*F (9 -sOf (0) - £'(0)

F(s)= Te‘ﬂ ¥ (t)dt

4) Solve Initia Conditions Dirac Delta Function
5) Combine for Solution Step Function E o0 fort=c
Laplace Transforms for 0<st<c 0o fort<c-90
He(t) = & (t)=0 _
f(t):lF(s):} fort=>c [1/25 forc-d<t<c+d
S H 0 fort>c+9d
n _n : :
f(y) =t", F(S)—F Jacobian Matrix The fixed point z =0 is called hyperbolic
f(t) =e®, F(s)= 1 If()f) = E(>~(o) +dF >~<OE(2<— >~<O) if no eigenvalue of the jacobian has 0 as
S-a . ¢ o r|areal part (no O or purely imaginary)
f(t) =cos(t ), F(9 = e | IR %(XO’ %) W(XO’yO)E If you are near a hyperbolic fixed
Zo gg dg Olpoint, the phase portrait of the
f(t) =sin(t @), F(9 = T 5 (%01 ¥o) a_(XO’VO)E . . .
’ 2112 X y nonlinear system is essentially the
g s same asitslinearization
f(f) =Hc(t) F(9 =
() =50, F(9 =
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im f(xy)=f(ab) dz_II Dz E_Iimz z=f(x,b) y=b (x-curve)
(xy)®(a) dx owoDx| |dy oeoDy z=f(ay) x=a (y-curve)
o f(x+hy)- f(xy) f
f,(cy)=lim . %: %( =1 (x,y) :ﬂ—i f(xy) =D,[f(xy)] = D[ f(x )]
_ FOoy+k)- f(xy) f
f,(xy)=lim T _3_ T = =
i m—a— S ST RS BT

Plane Tangent to the surfacez = f(x,y) at the
point P =(ab, f (a,b)) has the equation:
2 1(ab)= f,(ab)(x- &)+ f,(ab)(y- b

Normal Vector to Tangent Plane

n=f (Xo YO) i+ f (Xo yo)

(e
% Yy

ot W, _ Tedfo_@to ‘fxy(a,b):fyx(a,b)‘cond'tlonSfor Extremafor f (x , )
T T T IxeIxe e o f(ab)=0=f,(ab)
, s || df = f (X y)Dx+ f (X
(f) =f :ﬂ_fy:lemfo—éaﬁg ( y) y( y)w
Yy qy qyefys éfy’e | | f(x+ Dxy+Dy)= f(xy)+ OF (exact) _Kfz_ F
(1) = T Teto @ g | f(x+ Doy + D) » f(xy) + df (@ppoximation) x Ry F
NI T gy T yeixe” efllya [f(a+ Dxb+ ) » f(ab)+ f,(ab)Dx+ f,(ab)Dy
it ‘H@Tfo ézf 0 (72 1z 1z 1z w ., Tw,  w
f,)] = ——y - =12 py=—1% 22 = ik -
N I I G e i i TR e B TR YA P
x = f(xy,2) = f(g(uv),h(uv).k(uv)) WiSéfuntionof xll,x2 ..... % and eachis D,f(P)= RF (P)xu, u=Y
w_Iwix  wily  fw iz afuntion of the variablest ,t,,...,t M
Tu XTu Ty Tu 9z fu fw _ Iw Tix , w fix, o Sw S, .
Tw_Twix fwily  fwiz Mt T T X, Tt i gt | Duf(r(t) = N (r(1) = (1)
v IxXTIv Ty v 9z 9v foreachi, 1Ei £n
B=C056 ﬂy—sme X _ -rsing, W~ cos Nf(x,y.2) = f(x.y.2)i + f,(x V. 2)j + f,(x y,2)k
r fIr 16 16
L AW
Iw _Iwix, ﬂ—Wﬂ—ﬂ—Wcose+ﬂ—sn8 Nf_<‘|1x"|1y"ﬂy> ‘HxI Ty +‘sz
fr fx9r 9y 9x Ty ow » 6 (P) P = (D, Dy, D)
» xv,v =PQ = (Dx,Dy,
ﬂ_W_ME ﬂ—Wﬂ—-rﬂ—Wsneﬂﬂ—Wcose
0 x990 Ty 10 ix iy Tangent Plane to a SurfaveF (x,y,z) atP = (ab,c)
Pw _ TPw W 2o+ Tw ‘ﬂ2 F(xY.2)(x - p+F(xy.2)(y - prF(xy.2)(z - }=0
e w Tbdly Volume=V = @) f (x,y)dA
A=f (ab), B=f (ab), C=f,(ab) -
, ) (Qf(xy)dA:
D=D=AC- B’ =f,(ab)f,(ab)- [f,(ab)]
If D>0and A>0, then f hasalocal minimumal(a,l) Cﬁ)f xydy-dx— Og%f xydx—dy
If D>0and A<O, then f hasalocal maximum at (a, § 2 Ce
If D<O, then f has asaddle point at(a,
If D=0, no information is known for f at point (a,b) Page 1
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ane

LaGrange Multipliers x*+y’+7Z =a Spherew/ Radiusa
Constraint : g(x,y)=0 2 2
3 . XY,z Ellipsoid
Check Critical Pointsof F(x,yA)= f(x,y)- Ag(xy) a2 b? c?2
2 2 2
@f fIfo_ ;\qu figo x_2+y_2 2—2: Hyperboloid, 1 Sheet, z-axis
x Tye  efx Tyo a b c
) X2 y2 72
?ﬂi T96_ -0 e&l_kﬂ_gozo 7 C—: Hyperboloid, 1 Sheet, y-axis
&x 'HX“ ey fye Xy 7
Verticaly Simple: (‘Qf(x,})dA AY) - %)f(x o Ztpta =1 Hyperboloid, 1 Sheet, x-axis
b y2Ax a ’ X2 2 Z2
V= Oz(c‘)c( ,ydydx . P % i =1 Hyperboloid, 2 Sheets, yz-plan
a yi1(% A(x) = Of (X, y)dy 2 2 2
Horizontally Simple: Q@)/f (x, ydA c -Z +§ -zt Hyperboloid, 2 Sheets, xz-pl
d x2Ay) 2 2
=0 ()( , ydxdy - Lz % ;—1 Hyperboloid, 2 Sheets, xy-pla
c xi(y

o a

Polar: aEr£b a£0£p

A= %(a+b)(a- b)(B - o) =7DrD

b b
V = OOf(rcosd,rsind)rdrdd

Volume Between Two Surfaces
V= d\%(ztop - Zbottom)dA

Centroid : (§< 9)

mass= m= (d(x,y)dA

1o
X=— @) x3(x, y)dA

— 1 N\
== () YO(x y)dA
y=— @¥d(xy)

Polar Moments of Inertia
| = C‘Qyzé(x, y)dA
l, = Cfgxzé(x,y)dA

=l 5l

l,=nr? KE——;m fw)?

Centroid: (>_< 'y-%

Kinetic Energy due to Rotation

C[gloozrzf)dA %Io(n

w isangular speed

Radius of Gyration

A I
r=[—
m

| ismoment of inertia, m is mass around axis

Sphererical X = psing cosd,y =psing sin,z = p cos¢
V= (‘ﬁa f(psing cosd, psingsing, p cosp)p? singdpdpdd

Cylindrical x=rcosd, y=rsino,
V= (‘f!‘a f(rcos,rsind, z)rdzdrdo

=7

mass= m= (‘!‘:Qé(x, y,z)dv
Volume=V = C‘fl‘)dv

-1 s Parametric Moments of Inertia
T AOUYAR g BTy T e
1o = qu SO i g gk L= @0 (e y)an
y:E(IQy(S(X,y,Z)dA r=0 gy y Z,\—'” ﬂj+ﬂ_zk ly = C‘!ﬁ(x2+22)6(x,y,z)dA

1 s S VAR TR VRN VAN (¢ +y*p(x v.2)dA
—r—n(mzé(x,y,z)dA . = (0 y pixy,
Surface Area Cylindrical Surface Area

_ SN Tffo aano

A—a(S)—(Q\/ e‘ﬂxfa %gdxdy e Iro eﬂﬁﬂ
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Change of Variable X=fu,vw) y=du,v,V z=Huvw)

@ F(x, y)dxdy x X X
x=f(uv) y=du,y fu v W
u=h(xy) v=kx,y Jacobian:J; (uv) = ﬂ((lj(\i/mz/)) = % % :TT_vyv
acobian:J. (uv)= fu(wv) . (uv) :‘ﬂ(x,y) 1z Yz 1z

Jacob -JT( : ) g,(uv) g,uv)| T(wv) fu v I

Q@ F(x, y)dxdy = @F (f (uv),g(uv))|3 (uv)jdudy @D F(x,y, 2)dxdydz= Q@R G(uv,w) 1111((u JW)) dudvdw
CQ F(x y)dxdy = CQG(“ v) 1111(()35)) dudv |F(x, v,2) =P(x,y,2)i + Q(x,y,2)j +R(x,y,Z k|

Force Field Ri(af +bg) =aNf +DbRg] |V €locity Vector F(x.y)|= % +yij|= X2+ y? =t
F(xy,2) = ‘:r_s N(fg)= g+ gNf V(x.y) =o(- yi + X)) Of (x, Y1Z)d5:|Dit<[;Qf(X(ti*)’Y(t:)J(ti*))DS
C
k=G xM divF = NF_K 1111Q r N (aF +bG) =a(N " F) +b(N * G)| [mass= 05(x,y,2)ds
LR (16)= ()[R * 6)+(Rf)’ G L
R I R R == 0X(x,y,2)ds
. q q 1 >(a|: bG) aN > +bN G, m .
WEEN o By T NA0)=(RG)+ (NG| |0 1
P Q R (x.y,2) y= m C()y XY,z
0 6| |f(xy,2)= OFxTds= OF xTds _ N
curl F = g ek 19 aq[p ﬂR% gﬁ hllig bey.2 c (X0.yo2) 7=~ Ozd(x,y,z)ds
T 2o 1 W8 e Wyo mec
Centroid: (X,y,2)

Cc

Of (x y,2)ds= C)f(x(t),y(t),z(t))\/(x'(t))z+(y'(t))2 +z() df |

B
OF XTds= OF XTds
A

(\P(x, y,2)dx +Q(x y,Z)dy + R(x,y,z)dz =

OP(X(t) (1) 2)) ¢ (tck + Of (xy2)ox= °f COMOED RO
bc\n(x(t), y(t),z(t)) xy'(t)dt + CC\)f (X, Y, Z) dy= kE‘)f (X(t), y(t), Z(t)) xy' (1’) dt ?: nds

: S’ _dy. dx.
ORX(0)y(D2(1) 2 (1)t Cf)f (x y.2)dz= Of (x(t).y(t). 1)z ()t | |"“ds'™ gs'’

a

OF xTds= OFdr = Pdx + Qdy + Rdz
C

c

Work

b
= OF xTds

b
W = OFdr

b
W = QPdx + Qdy + Rdz

Of (x,y,2)ds= Of (x,y,2z)ds

-C C

OPdx + Qdy + Rdz=-
-C

OPdx + Qdy + Rdz
C

Moment of Inertia
I = Ow?(x,y,2)ds

C
w=w(x,y,z) = " distance

ONf xdr = Of(r(b))-
C C

f(r(a)) =

f(8)- f(A)

from (x,y )zo axis

W = OF xTds=k Qw xTds

C C
w = velocity vector

B
W = OF xdr

A

=V(A)- V(B)
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C

funtion f defined on D

TheLine Integral OF xTdsisindependent

of path in theregion D iff F = Nf for some

D such that
F =Nf

B B
OF xTds= ONf xdr = f(B)- f(A
A A

The vector field F defined on region D is conservative
provided that there exists a scalar funtion f defined on

) at each point of D, fisapotential funtion for F

Continuous funtions P(x,y) and Q(x,y) have
={(x.y1
a< x<b, c<y<dThenthevector field

F = R +Qj isconservativein R and has a
potential funtionsf (x,y) on Rirr at each point

continuous 1st order partialsin R

of R
P _1Q

Ty 9x

dr =r'(t)

Newton's First Law gives
F(r(t)) =nr"
dt = v(t)

5 1 > 1
E]:Xdr - 2”(\/5) B 2

N N2
©Pdx = - 00— dA
(1) =mv'(t) c r Ty

©Qdy = +O()E dA
c r TX

m(v,)°

divF = N F —M +m

> v, )+ v (A) =

> Ty

Smlva)’ +v(8)

Green's Theorem
ﬂPO

HPdX + Qdy =
@Pax Qy O%_ Ty o

X

A= }@ ydx + xdy = -@Qydx =@xdy|

©F xnds= O ON »FdA
R

C (6]

@Fxnds 0
r € X

0
aqM+m=dA

Ty o r®opr

{N >4:}()(0 yo) m @: xnds

Kk
Tz

flu
‘ﬂz

[

]
_lx 1y

flu qu
T fy

v v

‘ﬂr ‘ﬂr
‘Hu ‘ﬂv

dsS=

= 00f(r
D

00f(x,y,2)dS= OOf(
S

‘ﬂ ‘ﬂr dudv

ﬂ
fu

IN(u,,v,)[dudv = Ir

dudv

z=h(xy) inxy -plane
Bl &

ds= \/1+ —_ +gﬂy

Flux ¢ across Sin
the direction of n

VOIIN(u,

v;)|dudv

dxdy

A» én_ N(u;,v;)|Dubv

i=1

m» 5 f(r (u,v))[N(u.v,)|DubDv

i=1

3 R(r (u,v;)) cosy [N(u, v; )| PuDv

i=1

» OO?(I‘

M))IN(y,v; ) |dudv

_fr.qr ‘ﬂ(y,z)i+

1z x)

Tu ‘ﬂ_v:‘ﬂ(u,v) M(uv)

= C)f)F xndS
S

jt+

00f(x,y,2)dS
S

A s A AhC  HhU
O(S)f(x,y,z)dS— Og)f(x,y,h(x,y))\/1+8‘”xf.a + v dxdy

& &

Divergence Theorem

. 1 s
{div F}(P) —Ir|®r(r)lv OOFxndS

r S

OOF xndS= 0 O *dv
S T

|F n =P coso. + Qcosf +Rcosy |

SourcefdivF}(P)>0
Sink{divF}(P)<0

1T2_u ﬂz ﬂz _1 'ﬂu
™ Ty 127K w
k =Thermal Diffusivity

©F xTdS= O0(curlF) %dA
C R
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N>q 1 ﬂ(y,Z) NN N\ NN ﬂ y’Z
Ccosa =NX = — OOP(x,y,z)dydz= OOP(x,Y,z)cosadS= QO OP(r (u,v dudv
N Ny || OOP0 2= 00y Py
cosp =nxj = - 11zx) 00Q(x,y,2)dydx = 00Q(x,y,2)cospdS= 00Q(r (u, )) flzx )dudv
NP INTI(uv) || s s o Tuv)
Nx  19(xY)|| xx A S T(xy)
cosy =nxk = — OOR(x,Yy,z)dxdy = Q OR(X,Y,z)cosydS= QOR(r (u,v dudv
N 7N ()| 00T VAP = O0RY.2) ORI (w) G
OOPdydz+ Qdzdx + Rdxdy Gauss' Law for flux Heat -Flow V ector
s o= OOFdS=-4pGM | |q=-KNu
= QO(Pcosa + Qcosp + Rcosy )dS s K =Heat Conductivity
s Gauss Law for electric fields f)f)q 4S5 - OOKRUNAS
S Iv.2) , (12X, L T(xy)2 Q nds=- .
= O0eP + =dud =
B quy) " Uaw) a0 = 00 ndS=C S —
OOF xdS= QQOPdydz+ Qdzdx + Raxdy C)CXPCOSa+Qcos[3 + Rcosy )dS og)dedz: OOTO'H_X v
S S S
A A A A AQ
x =
_ (\)Cg :||T1§ Q 'n_z+ REZ 12y OEXdedz+ Qdzdx + Rdxdy) O?dedx OO?WdV
D "
_an FP QRO ¢ - 00OR
S, isSA between S and S, - OOT © +«|1_y+ Ezdv OngXdy OO?EdV
O?Rdxdy = ochosdezo 00O Fd = OOF S OO: xndS= 0 OF <ndS
NN NN T S Sa
OORdxdy = QOOR(X Y,Z,(x,y))dxdy | |_ ~A NP ‘s
OORdxdy =- O OR(x.y,z(x y))dxdy R
s D Stokes Theorem = Gl\élr OO0LdS
= N NN a
N ~AHP Ty P 120 ©F xTdS= OQ(curlF) xndA S
@3d =-0 — + — —3gxd —
_ ooeIR_ 1% anP 1RO, . .BQ_TPO I lzdy - dedy_
@3dx+Qdy+Rdz O%—y ‘ﬂzg x g— g (S)é." Tz

{(curlF) x}(P) = IJ@TF@: XTds

{(curIF) m}(P*) » %

1P gz 1P fyd

(g zdxdy
z%y Ty Tye

OF xTds

Cy

qC)= @F xTds| [¢(x y,2) =

00 OdivvdV = QOvxndS=0
T S
‘ﬂ2¢ ‘|T2¢
div(Rp) = vy
ﬂZ ﬂZ ﬂZ 0
dx? 2 dZ

T _
dz

=0

A vector field isirrotationa iff
It is conservative and
F = Ny for some scalar ¢
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Electricity & Magnetism

Electric Charge

Charges with the same electrical
sign repel each other, and charges
with opposite electrical sign attract

F =
ap %, 9

G >0,

le »1.6” 10|

James Lamberg

2

l[a=nxe n=+1,+2,.).

1
4p >,

k=

» 9”10

9 N )q*n2 Point

Electric Fields

E:E

%

Electric field lines extend
away from positive charge
and toward negétive charge

t=p

Torque

-9
E—kF

Charge

"E

Charged Ring
qxz

Charged Disk
5

apx(Z+R

zZ 4p

Electric Dipole
p = Dipole Moment

E:k@»w

%, X2’

A shell of uniform charge
attracts or repels a charged
particle that is outside the

shell asif al the shell's charge
were concentrated at its center
A shell of uniform charge
exerts no electrostatic force

on acharged particlethat is
located inside the shell.

0'% Z
E=Sg- __Z
Zsog- -\/ZZ"'RZQ

)

Potential Energy
Of A Dipole
U=-pxE

Gauss Law : e, XF €

Conducting Surface|

o

€9

Line Of Charge
A

2p %, X

E =

Sheet Of Charge

()

2£0

Flux= F <QExdA = Qv

€

Electric Potential

Spherical Shell
FiddAtr3 R

g

E

Spherical Shell
FiddAtr <R

Electric Potential

V:k_q:kxé&
r

=0

i=1 ]

DU =qxDWV
w

DV =V, -V,
q

W,

_4p %, 92

Capacitance

c-Q
V

Paralel Plate
Capacitor

C:J_

Cylindrical
Capacitor

g, XA L

C=2p% In(b/a)

d

Potential Energy

2
U:Q_:l-
2C 2

Cw?

V= -—
' q

Electric Potential

f
V-V, =-0Exds=V

Electric Diplole

VoK pﬁgﬂ(e)

V:kX(\)qu

Eg=-—

| [E=- NV

Spherical

U=w =Kk

Isolated Sphere
C=4px,xR

Capacitor

a*xb

Energy Density

C:4p &Om

Dielectric

2
1
u=Z =

2
€, XE

Current Density
i= QJxdA

C=xxC,,

Current Density

80 X@( xE di = Qenclo%d

Parallel

Cer :éci

Series

1
Ceff

i=1

J
=a

i=1

1
E I

Current

o
dt

Resistance

R:\i/—, Ohm's Law

E=px|[J=nxex,,

J :—I, Constan
A

|p' po:poxa(T' T0)|

Resistance is a property of an object
Resigtivity isa property of amaterial

L
R=p=
Pa

Conductivity

Resistivity

Power, Rate Of Transfer
Of Electrical Energy

P=ixv

Resistive Dissapation
2

P:isz:V—
R

Kirchoff's Loop Rule

The sum of the changesin
potential in aloops of a
circuit must be zero

Resistivity Of A Conductor

(Such AsMetal)

m
e? xn x¢

p:

EMF

dw
&=—
dg

(=L

Charging A Capacitor
q(t) =Cx&(1- €77°)

Kirchoff's Junction Rule

The sum of the currents entering
any junction must equal the sum
of the currents leaving that junction

i(t)

-9

EMF Power
P =%

ot

Charging A Capacitor
Vv, =1- e17°)

Discharging A Capacitor
q(t)=

() = - 17

G € t/R:C

RxC
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Magnetic Fields, B|[Opposite magnetic poles attract |[Circular Charged Path| [Mass Spectrometer
F,=qxv’ B i i 2
J q L‘|I.<emagnet|c poles repel qrvxB = m xv 2xq %/
Right Hand Rule, Positive Charge ||{Hall Effect r m
Thumb Up, Pointer Pointing V =Exd ||Resonance Condition _ BPxgxx?
and Middle Finger Perpendicular __Bx ||[f=" 8V
- - . - V >4
Thumb Magngtlc Florce. Directior] xe ;) ! 2q><B Force Qn A,Current Paralld carrentd
Pollnter :Velocn)./ Dllrectlo.n | | p p>xm ||dF, =ixdL " B attract and
Mllddle =Magnetic Field Direction Magnetllc Dipole Moment Magnetic Potential Energy| |AntiParallel
Biot -Savart Law u =N xA, Moment U(0)= -u8 currents repel
Like "Leo Bazaar" t=u" B ot Fand RU
_ Mg ixds’r ; T xm||Long Straight Wire| | Torid gnt Hand Rule _
dB = o =4p "10 e o % e N Grasp the element with thumb
Cortar Of Circular Arc "o r = o x| [pointinginthe direction of the
g X % Ideal Solenoid Force Between Two current, fingers curl in the
4p R n =turns per unit length! |parallel Wires ,dl rection of the magnetllc field
Current Carrying Coil| |B = o X X0 . Ampére's Law Magnetic Flux
. —— |p =Xy . . :
B(2) = Moxu A changing magnetic field 2p xd @B *XdS= Wy X g0 | |F 5 = OB X*dA
2p 2 produces an electric field |[Faraday's Lav] [Coil Of N Turng| [Faraday's Law
Current Loop + Magnetic Field b Torque .
p .89. q (g:_dFB o= - Nxdi @Ede:dFB:<2
Torque + Magnetic Field P Current? YES dt dt dt
Inductance)Solenoid Self Induced emf| Rise OF Current (Inductor)| [Decay OF Current (Inductor)
N XFg ||L = u, xn? xAX di & L & L
= — 4 =-L= —_Ch. gt - AT e, _L
: ™ i R(l e’ ) T, = i= =€ e T = o
Magnetic Energy|[Magnetic Energy Density|[Mutual Tnductance Gaiss Law, Magnetic Fields
1 . B? di di X
U,==-LX = S=-M—=2=&=-M—=2 =@BXxdA =0
P 2 2u, 2 dat " ot
Maxwell's Equations Spin Magnetic Dipole Moment| [Bohr Magneton
Gauss Law For Electricity _ e _exh SNPYEN
Oen He = - — Mo = 7 > 027 107 3| Speed OF Light
©@ExdA = e Potential Energy Potential Energy o= 1
Gauss Law For Magnetism = U B = U, B |U = -t By = Moz B vHo %o
OB xdA =0 Orbital Magnetic | Tnside A Circular Capacitor] [Outside A Circular Capacitor
Faraday's Law Dipole Moment g=MoXg _ HoXy
2
OExds= -Fa Horo = _fnl"”b i . —
dt - Potential Potential LC Circuit
. Displacement Current .
Ampére-Maxwell Law & U o’ U L % 1
=— =-— W =
R = = E E B 2 LC 7—
QBXdS: Wo >€0_E+M0 )qenc |d € dt 2C L xC
i =iy, Capacitor
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LC Circuit 2 RLC Circuit "
o UE:gxcosz(wXHq)) g o=l : F1 92
dg,a. ey L9 iR+ 2=0 " &b
di> C QR ., dt C R

_ Ug =—=>sin ((1)><t+(l)) _ /2 L 2

q(t) = Qxcos(w xt + ¢) C q(t) = Axe "*"= xcodw . X - ¢) ta==| U= Q_e_t,rm

i(t) = -w>Qxsin(w xt + ¢) Capacitive Reactance | [Impedance R 2C

RLC Circuitw/ AC 1 _ [T | [Phase Constant

X, = Z=(X - X.}+R N

LA 4im+ Q=g xsin(wy xt) 0y °C i tan(¢) = LR
dt c ° ‘ Current Amplitude] Inductive Reectance F

i(1) = ig xsin(wy X - ) X, =gt Resonance | TS CLITEN

: i d =& Average Power 1 i

o 2 ta2 z "% °0=0 = |~

rms potential Average Power Py = lms R .

y v Pz x ><cos(¢) Not " rms Power"| |Resistance Load at Generator
s o ’arn’s ol av rms rms (f

V2 2 Transformer Current| |Average Power relates R, = UM = R

Transformer Voltage|| N, to the heating effect Nong 2

v N 'ona = s N RMS Power, while it
Vi =Vig —24 2nd ;
s can be calculated is worthless

\

©F xds =

Maxwell's Equations (Integral)
@EXdA = %

€

@BxdA =0

d »
-— OBxdA
dt B

\ 1 d \
xds=u, ¥ . +—=— OExdA
@B Mo Xene + 5 Oe

E:B
€0

-B=0

2 2t 2

Maxwell's Equations (Derviative

_9B
ot

N B=u,xJ+

1 oE

— X—

c? dt
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Sequences & Series

Pand QisP UQ
PorQisPUQ
not P is @P

if Pthen QisP b Q

QP @Piscontrapositiveof PP Q
and these are equivalent

Qb Pisconverseof PP Q

and these may not be equivalent

Z = Setofall inegers

R = Setof real numbers

N = Setof positive int egers

Q = Setof rational numbers

James Lamberg

Pifandonly if QisP U Q|[Theset A isfiniteif A=/ or for somenT N,

Existential Quantifier :
" x: for all/every x

A has exactly n members.
Theset A isinfiniteif A isnot finite.

P(1) istrue

Universal Quantifier :
$x : there existsx
1: element of

Well Ordering Property of N:
Every nonempty subset of N has
a smallest memeber

Mathematical Induction:
1" ni N, PoveBaseCasethat

2)AssumeP(n) and" nT N,
showP(n)b P(n+1)

Principle of Mathematical Induction
Let P(n) bea mathematical statement, if
a) P(1) istrue, and
b) for everyni N
P(n) b P(n+1) istrue

SrongInduction

1) P(2) istrue, and

2) for each nT N, if [each P(1),...,P(n) istrug],
then P(n +1) istrue, thenP(n) istrue" nT N

P isanecessary conditionfor Q: Qb P

then P(n) istrue for everyn1 N

Pisa sufficient conditionfor Q: PP Q

APUQ) is@P UZQ

The least upper bound, r, of A isthe supremum
of and isdenoted sup A, that isr =sup A if:

a) risan upper bound of A, and

b) r £r' for every upper bound r' of A

of and isdenoted inf A, that isr =inf A if:
a) r isalower bound of A, and

b) r 3 r' for every upper bound r' of A

sup A existsif A hasaleast upper bound and
inf A existsif A hasagreatest lower bound

2APUQ) is@P UZQ

Archimedean Property of N :

APP Q) isPU

The greatest lower bound, r, of A isthe infimun

N is not bounded above
Completeness Axiom:Every nonempty
subset of R which is bounded above has
aleast upper bound

For every positive real number x, thereis

o 1
some positive i nieger n such that 0 < - <X

For all real numbers x and y such that x <y,
thereisa rational number r suchthat x <r <y

Bounds: Suppose Aisa set of real numbers

1) r1 R isan upper bound of A if no member
of Aisbigger thanr: " xT A[x£r1]

2) r1 Risalower bound of Aif no member
of Aissmaller thanr: " xT A[r £ ]

3) A isbounded above if $rT R which isan
upper bound of A
Aisbounded below if $rT R whichisa
lower bound of A
Aisboundedif if is bounded above and below

For all real numbers x and y such that x <'y,

thereisan irrational number i, suchthatx <i, <y

Thereisno rationa number r such thatr ? =

Thereis area number x such that x* = 2

Letnl N. For everyreal number y >Q
thereisareal number x >0 such that x" =y

Completeness Axiom Corollary :Every
nonempty subset of R which is bounded

below has a greatest lower bound

Page 1
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A seguence is a function whose domain is a
setof theform{nT Z:n3 K}, wherekl z
If sisa sequence, s, isthevalue of the
sequenceat arg ument n.

Given{ a } and{b_} with domain D:

{a,+b}iss, =a,+b,"nl D

Sequences & Series

James Lamberg

Definition of a Limit ;
Let L be areal number.
lims, =L iff

n® ¥

"e>0%n,"n3 no[|sh- L|<s]

Inl(ggg =Lis
lims, =L is
S$® L

The sequence s convergesto L if Iiégsn =L.

The sequence sis convergent if thereis some

{a,-hb}iss=g-b"nl D
{a,h}iss =84 "nl D

L such that s convergesto L.
The sequence sis divergent if isis not convergent

%%ﬂ%isgz?—n"ni D,b, 10

[Iflims, =L,ands =L, then L, =L}

{cxa,}iss, =cxa," nT D
If a sequenceis convergent,
then it is bounded

The sequence{ s} isbounded if
thereissomer] Rsuchthat |s,|Er
foral ninthedomainof { s }.

Suppose ling, =L, andlimt, =L,, andcl R,
3 linfs, +t,)=L+L,

Suppose that for al sufficiently large n,

& £h £c,
If lima, =L and lint, =L then link, =L

b) lim(cxs,) =cxl,

|Iflim|s,|=0,then ling, =0|

c) lim(s,xt,) =L xL,

o L
limgz=—-1 L, " !
d) mgw oo b Oand" n[t,* O]

Suppose: |im@, =L, andfisafunction which
is continuous at L, and for each n, a, isin the
domainof f. Thenlim f(a,) = f(L)

fiscontinuousat x if for any € > O there exists
somed >0 sothat if|z- X <9, then |f(2) - f(x)| <e

The set of reals R is the completion of the set
of inegersQ. Or R={supA|Ai Q}

Lets, = f(n). If lim f(x) =L, thenlims =L

o}
. If lim f(x)=L, then ling, =L

%) X® 0*

Letngg%

The sequence({s,} is:

Let{s} be asequence. lims, = ¥if :
" M$n," n3 ny[s, * M]

lims, =- ¥if :

" M$n," n3 ny[s, £ M]

increasingif for alln, s, £ 5,,,
strictlyincreasingiffor all n, s, <s,,;

Suppose{'s,} ismonotonic. Then
{s,} convergesiff it is bounded.

Recursively Defined Sequenceis
defined interms of 5, for eachn.

decreasingifforall n, s, 3 s,
strictly decreasingiffor all n, s, >s, .,
monotonic if any of the above are true

The sequence {'s,} isa Cauchy sequence
if for every ¢ > 0, there is somen,, such
that|s, - s,| <efor all m n£n,

|Cauchy sequences are bounded and converge|

a

fiscontinuousand x 3 a

¥
If QJf (X)fix converges

¥
then Of (x)dx converges

¥ n
Of (x)dx =lims;, =lim Of (x)dx

i=0

Geometric Series: aandr arereal

&
§ o ) ) Iflima ! 0, thenA & isdivergent
a ax', with r being theratio i1
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Comparison Test
O£ f(x)£ g(x),x3

¥ ¥
i)If Of (x)dx converges then Og(x)dx converges

a

¥ ¥
and Of (x)dx £ Og(x)dx

a a

¥ ¥
ii)If Of (x)dx diverges then Og(x)dx diverges

& R
1) Suppose A a isconvergent, for cl R,

i=1

doa-qa;
N : d
i) If a a, isconvergent, and A b is convergent

i=1 i=1

$
then @ (g +b;) is convergent and:
i=1

& 3 5
d(a+h)=aa +ahb

Sequences & Series

James Lamberg

Given a sequence{ A} we form{S} by:

g
S=aa

i=1
i) If{S} converges we say the i nfinite series:

d g
a a convergesto A a =1imS,, thevalue of theseries
i=1 i=1

ii) If{S} diverges wesay the infinite series:

d
a a diverges also.
i=1

d

i) If ling, =¥ wesay: A a = ¥and
i=1

the series diverges toinf inity.
g

V) IflimS =¥ wesay: A g =- ¥and

i=1

the series diverges to min us i nfinity.

i=1 i=1 i=1

Integral Test

and f(x)3 Oforx31

3 ¥,
a f(n) convergesiff Of (n) converges

n=1 1

fis continuousand decreasing onthe i nerval [1¥)

i) 1] f< 1 then the geometric series
¥

S A a
a ax'convergesto —
i=0 1-r

ii) 1{® 1andat Othen

3 _
a ax' diverges
i=0

Ratio Test For al n, 0<an

If [im—=—=

&
a a, isabsolutely convergent if

n=1

¥

~ 1 .
OFdX convergesif p> 1
1

and divergesif p£1

=L <1then a a, converges

n=1

8 _
a,

&
=L >1or ® ¥thena a, diverges

n=1

I 1im e
a,

&
a |a,| is convergent

n=1

&
So A a, isconvergent

n=1

n=1 g 1 .
a — convergesifp> 1

and divergesif p£1

Root Test Foraln, 0<a,

1 &
If lim(a,)» =L <1 then @ a, converges

n=1

ComparisonTest O£ a, £b,
{a } and{b,} are sequences

&
=L>1or ® ¥thena a, diverges

n=1

If lim(a, )7

& &
If Q b, convergesthen A a, converges
n=1 n=1

n- thtermtest for divergence

¥
If lima, O, then a a, isdivergent

n=1

& &
If A a, divergesthen A b, diverges

n=1 n=1
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Limit- Comparison Test
Forall n, O<a, and0< b,

HHm%cL>QLTA
¥ ¥

6°1 a, converges then é_ b, converges
n=1

Iflim& =0
b

n

n=1

& &
a b, convergesthen A a, converges

n=1 n=1

Iflim&h @ ¥
b

n

& &
a b, divergesthen A a, diverges

Sequences & Series

James Lamberg

Alternating - Series Test

Forall n, a,>0

{a,} isadtrictly decreasing sequence
a®0

é‘ n+l .
Then @ (-1)""a, is convergent

n=1

Theint erval of convergence

3
of the power series A4 g,x"

n=0

isthe set

I :
Ix:a a,x"isconvergent at X

¥ i
b

8
The power series A a,x"convergesat the
n=0

g
real number x, if @ a,x, converges and
n=0

&
divergesat x, if @ a,x," diverges

n=1 n=1

Differentiation and
Integration of power
series can be done
term by term

n=0
&
If the power series & a,x" is:
n=0

n=0
thefollowingistrue:

¥
. . [o]
For a given power series g a,x", one of

The power series convergesonly atx = 0

The power series absolutely converges at all x
Thereisa number r >0 such that the power
seriesconverges absolutely at all x such that
x| < r and divergesat all x such that [x > r

radius of convergence is0

radius of convergence is¥

convergent only atx = 0 thenthe
Absolutely convergent at all x, then the

Converges absolutely at all x such that
Ix| < r and divergesat all x such that x| >,
then the radius of convergenceisr

Abdl' sTheorem

¥
Supposef (x) = a a,x"
n=0
for [x|< 1

Supposethat r > 0, and

&
f(x)=a a,x" for [} <r

n=0

(M
Then for all n3 O,anzUgl

Iff(x)=a +ax+..+ax" +..for [x{<r

£(x)= £(0)+ F*(O)x+ FI(0) X +...

n!

Taylor's Theorem

n

&
IfQ a, converges then
n=0
¥

Iimf(x):é{an

X® -1
n=0

n o,

Assume that f has continous derivatives
of ordern+1on |0, Y, then

R,(x)=< OF " (g(x- 1)t

Page 4
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Math Reference SAT I1IC

Repested Percent Increase Percent Change |log, (xy) =log, (X) +l0g,(y)
Final Amount = Original {1+ rate)" " Char}ge - * log 33(‘?_'09 (x)- log,(y)
Repeated Percent Decrease Original 100 bgyfa ° °

Final Amount = Or|g|na] )(1_ rate) #changes

1:J3:2

nn=x | (x+y) =x+2xy+y’
log.n=x| |(x- y)*=x*- 2xy +y’
e€=n_J(x+y)(x-y)=x*-y?

log,(x") =nlog, (x)

y

X

—ax’+bx+c

_ -b++/b’*- 4ac

2a

distance = rate xtime

1:142

30-60-90 Trian

45-45-90 Trian

Area of Square

AverageJpeed =

TotalDistance 5

d
TotalTime | |A=S’ orA=—-

Triagle Area

Trianglelnternal Angles=180°
Freds Theorem

2 11 lines intersected make only 2 unique angles

A=lbh
2

Equilatera Triagle Area

Domain: x - values
Range: y - values
Roots: f(x)=0

3rd triangle side between sum and difference of other two _ &3 l0g, N = x
a+b*=c? A= 4 b*=n
Sum Internal Polygon w/ n Sides izt soiid Surface Areal I = Parabola y=a(x- h)*+k
SumAngles= (n- 2)180 SA=2lw+2wh +2lh "=-1 " circle r>=(x- h)’+(y- k)’
y=mx+b Long Diagonal i°=-i _ (x- h)2 (y- k)2
y- % =m(x- x) a +b’+c*=d’ =1 Bllipse 1=+
- : degrees radians - h)? - k)2
d—\/(x2 - %)+ (Y, - v)° | [Areacf TraPe20|d 6260 " Hyperbola 1= (x 2h) by Zk)
o Borx Y, +y0 A RFDG a b
midpt= , : 8 - — .
5 5> 2 © Work Done=rate of workime) Arithmetic Series
: . Polar X-axis symmetry _ )
sin= 2P Cosza—dj ta”:o—w:ﬂ x=rcosd y=rsind| $f(x) and - f(x) " x F =a+(n- 1)
hyp hyp agj cos |© T Arithmetic Sum
r-=x°+y Infinite Geometric 5
Csczfl Sec:i t:i Sum= %1"‘3719
sn cos cos tan =2 wm=—2 - 1<r<1 €2 o
sin’ x+cos” x=1 y 1-
sina _ sinf _ siny Even: f(x)= f(- x),y- axis |Contrapositive
a b ¢ Odd:- f(x)= f(-x),origin |[A® B\ ~B®~A
c®=a’+b*- 2abcosy _ _ Geometric Series
Probabilty of Multiple Events 1)
a(x-u)° P(X,) = P(X,) %P (X,) XP(X;) XP(X,)... & =ar
Standard De'viation:0=\/Q (%) = P0)XP(%;) P () P(x,) Geometric Sum
N Group Problem
Find the mean of the set Total = Group, + Group, + Neither - Both| | g m= a(t-r")
Find difference between each value and mean 1-r

Square differences
Average results
Square root the average

_ Number of outcomes that are x

M ean: Average of set elements
Median:
M ode: Most Often

Range: HighestL owest

Middle Value

Cube V =5° SA=6¢
LongDiagonal = /3
Cylinder V = pr*h

Probability(x)

Total possible outcomes

SA=2pr®+2prh
Page 1
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